Axenovich et al. (J. Combin. Theory Ser. B, to appear) considered the problem of the generalized Ramsey theory. In one case, they use the existence of Steiner triple systems, Pippenger and Spencer's theorem on hyperedge coloring, and the probabilistic method to show that r (Kn;n; C4; 3) 6 3n=4(1 + o(1)), where r (Kn;n; C4; 3) denotes the minimum number of colors to color the edges of Kn;n such that every 4-cycle receives at least either 3 colors or 2 alternating colors. In this short paper, using techniques from combinatorial design theory, we prove that r (Kn;n; C4; 3) 6 (2n=3) + 9 for all n. The result is the best possible since r (Kn;n; C4; 3) ¿ 2n=3 as shown by Axenovich et al. (J. Combin. Theory Ser. B, to appear).
Introduction
A group divisible design (or GDD) is a triple (X; G; B) which satisÿes the following properties:
1. G is a partition of a set X (of points) into subsets called groups, 2. B is a set of subsets of X (called blocks) such that a group and a block contain at most one common point, and 3. every pair of points from distinct groups occurs in a unique block.
A frame is a group divisible design (X; G; B) whose block set admits a partition into holey parallel classes, each holey parallel class being a partition of X \G for some G ∈G. The groups of a frame are usually referred to as holes. The type of the frame is the group type of the GDD. A frame of block size k is denoted as k-frame. A frame of type h u has u holes of size h and is called uniform. It is known [8] that if there is a k-frame of type h u (with u¿1), then u¿h + 1, h ≡ 0 (mod k − 1), and h(u − 1) ≡ 0 (mod k). The necessary conditions for the existence of a uniform k-frame have been proved to be su cient for k = 3 [11] . A partial solution for k = 4 has been proved in [8, 4, 5] .
In this paper, we are interested in a special type of 4-frame. A 4-frame of type (2g) u is splittable if there exist gu points from the frame, g from each group, such that every block of size 4 intersects the gu points in either 1 or 3 points. If a splittable 4-frame of type (2g) u exists, then there exists a 3-GDD of type g u . In this paper, we prove that there exists a splittable 4-frame of type 6 u when u ≡ 1 (mod 4). We also apply a splittable 4-frame of type 6
u to a coloring problem of Axenovich et al. [1] to obtain an asymptotic solution to their problem.
Splittable 4-frame
Lemma 2.1. There exists a splittable 4-frame of type 6 5 .
Proof. A 4-frame of type 6 5 is presented in [10] . Let V = Z 15 × {0; 1} and G = {{i 0 ; i 1 ; (5 + i) 0 ; (5 + i) 1 ; (10 + i) 0 ; (10 + i) Proof. Let V = Z 54 and let the groups be {i; 9 + i; 18 + i; 27 + i; 36 + i; 45 + i} for i = 0; 1; 2; : : : ; 8. The blocks are {1; 2; 6; 8}, {3; 22; 35; 47}, {5; 25; 33; 48}, and {10; 13; 34; 50} and their translates (mod 54). If we add 18 and 36 to each of 4 blocks, the 12 blocks would cover all elements except the multiple of 9 once. Hence, they form a frame parallel class. The other holey parallel classes can be obtained by adding i to the classes missing the groups {0; 9; 18; 27; 36; 45} for i = 1; 2; : : : ; 8. Also, each base block contains either 3 odd or 3 even numbers. When we take T = 2Z 27 , every block intersects T either 1 or 3 times. Hence, the 4-frame is splittable.
We also note that a skew Room frame construction for a 4-frame [4] also produces a splittable 4-frame. We need a few deÿnitions. For 16i6n, deÿne H i = {x j+h(i−1) : 06j6h − 1} and let H= {H i : 16i6n}; H i is called a hole. A Room frame of type h n with hole set H is a hn × hn array F, and for each cell of F, indexed by X = {x 0 ; x 1 ; : : : ; x hn−1 }, (a) the cells (s; t)∈H i × H i are empty when 16i6n, (b) each 2-element subset of X that is not a 2-element subset of H i occurs in exactly one cell of F, and each cell of F either contains a pair of symbols from X or is empty, and (c) each row and each column of F that intersects H i contains each element from X \H i exactly once.
A skew Room frame is a Room frame in which cell (i; j) is occupied if and only if cell ( j; i) is empty.
From a skew Room frame of type h n deÿned above, one can get a 4-GDD of type (6h) n [9] . The 4-GDD is based on X × Z 6 with groups H i × Z 6 , 16i6n. The block set B contains all blocks {(a; j); (b; j); (c; 1 + j); (r; 4 + j)}, where j ∈Z 6 , {a; b}∈F, {a; b} occurs in column c and row r.
If all quadruples (a; b; c; r) can be partitioned into sets such that each set forms a partition of X \H i for some i, and each H i corresponds to 2h of the sets, we call the skew Room frame partitionable [4] . It is clear that from a partitionable skew Room frame, each set which partitions X \H i will result in a holey parallel class in the resulting 4-GDD. Lemma 2.3 (Colbourn et al. [4] ). If there exists a partitionable skew Room frame of type h r , then there exists a 4-frame of type (6h) n . Now, we note that each block has the form {(a; j); (b; j); (c; 1 + j); (r; 4 + j)} for j ∈Z 6 which has either 3 odd numbers or 3 even numbers in the second component (mod 6). Hence, if we let T = X × {0; 2; 4}, every block in the 4-GDD of type (6h) u intersects T in either 1 or 3 points. Therefore, we have the following lemma: 
On certain coloring of K n; n

Given graphs G and H , a coloring of E(G) is called (H; q)-coloring if the edges of every copy of H ⊂G together receive at least q colors. Let r(G; H; q) denote the minimum number of colors in an (H; q)-coloring of G.
Axenovich et al. [1] proved the following:
Theorem 3.1. If n is odd, then r(K n; n ; C 4 ; 3)6n. If n is even, then r(K n; n ; C 4 ; 3)6n+1.
It is worth noting that the existence of an N 2 -Latin square can improve the result slightly when n is even [6] .
Also, Axenovich, F uredi, and Mubayi proved the following lower bound on r(K n; n ; C 4 ; 3): Theorem 3.2. r(K n; n ; C 4 ; 3)¿ 2n=3 .
In proving the lower bound, they did not use the fact that the C 4 can contain an alternating C 4 , a 2-colored C 4 whose edges alternate between its two colors when viewed cyclically.
Hence, they deÿned the following [1] . A weak (C 4 ; 3)-coloring of K n; n is a coloring of the edges of K n; n in which every copy of C 4 has at least three colors or is alternately 2-colored. Let r (K n; n ; C 4 ; 3) denote the minimum number of colors in a weak (C 4 ; 3)-coloring of K n; n . Using a sophisticated theorem of Pippenger and Spencer [7] and the probabilistic method, they proved the following: Theorem 3.3. As n → ∞, r (K n; n ; C 4 ; 3)63n=4 (1 + o(1) ).
We will use the splittable 4-frame of type 6 u to improve their result.
Theorem 3.4. If r (K g; g ; C 4 ; 3)6r g and there exists a partitionable 4-frame of type (2g) u , then r (K gu; gu ; C 4 ; 3)6(gu=3) + r g − g=3.
Proof. Let (X; G; B) be a partitionable 4-frame of type (2g) u and V be the set of size gu such that every block intersects T in either 1 or 3 points. We construct a coloring on the complete bipartite graph with parts T and X \T . Every block intersects T in 1 or 3 points; therefore, every block induces 3 edges that has one vertex in T and the other in X \T . We ÿrst outline the idea of the construction. We will construct a color class for every frame parallel class, together with a color class in a K g; g in which the frame parallel class is missing. So, it will use up g=3 color classes from the u K g; g s (from the u holes). Hence, we need to build r g − g=3 color classes for the remaining edges inside the u K g; g s. The actual construction is as follows. For every frame parallel class that misses G i for some i, we color the 3 crossing edges from every block in the frame parallel class with the same color. Also, because |T ∩G i | = |(X \T ) ∩G i | = g, we put a color class of the K g; g with parts (T ∩G i ) and (X \T ) ∩G i . Since there are g=3 frame parallel classes missing G i , we have only used g=3 color classes in the K g; g on parts (T ∩G i ) and (X \T )∩G i . Therefore, there are r g − g=3 color classes in the K g; g , with parts (T ∩G i ) and (X \T ) ∩G i for every i. We build each of the r g −g=3 new color classes by taking the edges of one remaining color class in K g; g with parts (T ∩G i ) and (X \T )∩G i for all i.
Next, we show that every edge is colored exactly once for any pair of edges {a; b} where a∈T and b = ∈ T . Then, either {a; b}⊂G i for some i or {a; b} ⊂G i for any i. In the former case, the edge {a; b} is colored exactly once because all edges of K g; g are colored once. In the latter case, {a; b} is contained in a unique block in the 4-frame. Hence, it is also colored.
Finally, we show that any C 4 has either 3 colors or 2 colors, in which case it must be alternately colored. From the proof of the lower bound in [1] , these conditions are equivalent to show that:
1. each connected component of the subgraph induced by any color class is a star, and 2. any 2 points in the same partite can be the endpoint of at most one monochromatic paths of length 2.
The ÿrst condition is easily satisÿed since every block in the frame parallel class is disjoint. The second condition is also satisÿed. If there are 2 monochromatic paths of length 2 with common endpoints, then the 2 points cannot be in the same G i because it contradicts the deÿnition of r (K n; n ; C 4 ; 3); if the points are in a di erent group, then they are in 2 blocks of size four in the frame, which is clearly impossible.
Since r (K 3; 3 ; C 4 ; 3) = 3, we have the following corollary:
Corollary 3.5. If there exists a splittable 4-frame of type 6 n , then r (K 3n; 3n ; C 4 ; 3) = 2n + 1.
Proof. The lower bound r (K 3n; 3n ; C 4 ; 3)¿2n follows from Theorem 3.2.
Corollary 3.6. r (K n; n ; C 4 ; 3)6 2n=3 + 9.
Proof. It is proved in Lemma 2.9 that when u¿1, there exists a splittable 4-frame of type 6
4u+1 . Hence, we have r (K 12u+3; 12u+3 ; C 4 ; 3) = 8u + 3 by Corollary 3.5. For any n, let m be the smallest integer such that m¿n and m ≡ 3 (mod 12). If we start with a coloring on K m; m and delete m − n points from each group, it will induce a coloring on K n; n with at most (2m=3) + 1¡(2n=3) + 9 colors for all n.
